The layered van der Waals (vdW) heterostructure, assembled from monolayer graphene, hexagonal boron nitride (h-BN) and other atomic crystals in various combinations, is emerging as a new paradigm with which to attain desired electronic and optical properties. In this paper, we study theoretically the mid-infrared optical properties of the vdW heterostructure based on the graphene-h-BN system. The light-matter interaction of this heterostructure system is described by the hyperbolic phonon-plasmon polaritons which originate from the coupling modes of surface plasmon polaritons (SPPs) in graphene with hyperbolic phonon polaritons (HPPs) in h-BN. By numerical simulation, we find that the coupling modes are governed by the Fermi level of monolayer graphene, the thickness of the h-BN slab and the mode excitation sequence of SPPs and HPPs. Moreover, the response of the coupling modes of the graphene-h-BN heterostructure on a noble metal layer is also proposed in this paper.
Introduction
In recent years, two-dimensional (2D) materials and layered materials including graphene, hexagonal boron nitride (h-BN), and transition metal dichalcogenides (TMDs) have attracted major attention for applications in optoelectronics and technology such as vibrational spectroscopy and stimulated Raman scattering [1] [2] [3] [4] [5] [6] . Polaritons, hybrid modes of photons and charge dipole carrying excitations in crystals, are also of interest in the heterostructures which are assembled from 2D materials. Polaritons are generally divided into two types: surface plasmon polaritons (SPPs) and phonon polaritons. Such modes have been shown in related applications such as subwavelength imaging [7] , quantum information [8, 9] , and sensing engineering [10] . In the graphene-h-BN vdW heterostructures [11] system we proposed, SPPs and hyperbolic phonon polaritons (HPPs) are established in monolayer graphene and h-BN, respectively. Generally, graphene SPPs are of great interest for extremely small volumes, broad frequency range (in the mid-infrared and terahertz range), ultrahigh speed and very low energy consumption. Remarkably, the strong light-matter interaction in graphene can be controlled effectively by tuning the Fermi energy [12, 13] , which denotes that graphene SPP can be effectively regulated [14] [15] [16] [17] . However, graphene SPPs damp out quickly due to scattering loss from substrates and impurities. Apart from graphene, h-BN is a van der Walls crystal [18] as well as a wide bandgap (~6 eV) electrical insulator. Furthermore, h-BN also shows natural hyperbolicity [19] [20] [21] [22] [23] , which means that the relative dielectric constants in-plane and out-of-plane have opposite signs. This property leads to a hyperbolic or indefinite dispersion for electromagnetic waves propagating inside such a material and results in the excitation of surface phonon-polariton mode. In our system, SPPs modes of coherent oscillations of the electron density in graphene and HPPs modes of the atomic vibrations in h-BN produce hybrid plasmon-phonon modes [24] [25] [26] . These hybrid modes, regarded as an advanced version of 2D metamaterials, can absorb the virtues of both the hyperbolic dielectric h-BN and graphene by offering more freedom to manipulate infrared waves and thus create new functional optical devices. Due to exceptionally narrow resonance linewidths, up to 300 times narrower than the free-space wavelength, hybridized phonon-plasmon polaritons (HPPP) modes have been demonstrated sub-diffraction polariton propagation and sub-wavelength imaging with nanoscale resolution [19, 23] .
In this paper, we systematically investigated the graphene-h-BN heterostructure system, which shows strong plasmon-phonon coupling resonance in the mid-infrared regime. Moreover, we give more comprehensive discussions on the field patterns and their propagation features associated with the hybrid coupling with graphene, especially when the properties of graphene are varied. The propagation characteristics can be tuned by controlling the Fermi level of graphene. Compared with the model mentioned in the previous paper [23] , the effect of the sequence of excitation on the HPPP modes has been investigated in our model. Furthermore, we introduce the metal SPP in our model to further study the coupling modes' properties. These aspects affect the coupling modes in such a way that they change the optical properties of the stack graphene-h-BN system.
Materials and Analysis
In this part, the light-matter properties of different materials in our coupling system are discussed.
Optical Response Functions of h-BN and Graphene

Hexagonal Boron Nitride
h-BN is a hyperbolic material which has two kinds of IR active phonon modes relevant to hyperbolicity: (1) in the normal plane phonon modes, which have ω TO = 780 cm −1 , ω LO = 830 cm −1 ; and (2) in the basal plane phonon modes, which have ω TO = 1370 cm −1 , ω LO = 1610 cm −1 . These lead to two narrow spectral bandwidths referred to as Reststrahlen (RS) bands which are material-dependent and range bracketed by the longitudinal optic (LO) and transverse optic (TO) phonon frequencies. The lower RS band corresponds to the type-I band (ε n < 0, ε t > 0), and the upper RS band corresponds to the type-II band (ε t < 0, ε n > 0). The relative permittivity functions of h-BN in two RS bands is given by [19] 
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h-BN is a hyperbolic material which has two kinds of IR active phonon modes relevant to hyperbolicity: (1) in the normal plane phonon modes, which have ωTO = 780 cm −1 , ωLO = 830 cm −1 ; and (2) in the basal plane phonon modes, which have ωTO = 1370 cm −1 , ωLO = 1610 cm −1 . These lead to two narrow spectral bandwidths referred to as Reststrahlen (RS) bands which are material-dependent and range bracketed by the longitudinal optic (LO) and transverse optic (TO) phonon frequencies. The lower RS band corresponds to the type-I band (εn < 0, εt > 0), and the upper RS band corresponds to the type-II band (εt < 0, εn > 0). The relative permittivity functions of h-BN in two RS bands is given by [19] 
In addition to ωTO and ωLO mentioned above, the other parameters are the limiting high-frequency permittivities 2.95 ,n ε = ∞ . The relation between relative permittivity and wavenumber is shown in Figure 1 . 
Graphene
In our research, the optical response of graphene is described by conductivity which is modeled utilizing local random phase approximation (local RPA). At T temperature, the conductivity σ of graphene is given by
where σ intra and σ inter rely exclusively on intra-band transition contribution and inter-band transition contribution, respectively. The parameter k B is a Boltzmann constant,h is a reduced Plank constant, and E F is the Fermi energy of the graphene. Here, τ g is the electron relaxation time. Due to Landau damping already being induced in local RPA, the relaxation time has other contributions: impurity scattering; scattering with phonons (hω OPh = 0.2 eV) in graphene and phonon modes of polar substrates; higher-order processes such as phonons coupled to e-h excitations (which have to be treated separately), etc. [26] [27] [28] . In this work, the relaxation time τ g is given by
where µ is the carrier mobility of 10,000 cm 2 ·V −1 ·s −1 and v F is the Fermi velocity of 10 6 m/s. According to the derivation above, one can clearly find that the conductivity of graphene depends on its Fermi energy. Moreover, we can tune Fermi energy by applying a gate voltage to control the optical response of graphene.
Properties of Graphene SPPs and h-BN HPPs
Properties of Graphene SPPs
The properties of graphene SPPs are shown in Figure 2 . The transmission property (here, we use a false color map of the imaginary part of the reflectivity r which is controlled by frequency and momentum for visualization) of the freestanding monolayer graphene is clearly shown in Figure 2a with Fermi energy of 0.37 eV which can be easily calculated by employing the standard transfer matrix method (details are shown in part 3). Figure 2b illustrates the frequency/momentum dispersion relation of SPPs modes with Fermi energies of 0.37 eV, 0.17 eV and 0.07 eV. This dispersion is described by
As shown in Figure 2 , one can clearly find that the dispersion curve fits the transmission false color map when Fermi energy is 0.37 eV. This phenomenon can be explained by the energy loss of incident light which is mainly attributed to the excitation of graphene SPPs modes. Moreover, these excited SPPs modes can be controlled by tuning graphene Fermi energy. As shown in Figure 2 , one can clearly find that the dispersion curve fits the transmission false color map when Fermi energy is 0.37 eV. This phenomenon can be explained by the energy loss of incident light which is mainly attributed to the excitation of graphene SPPs modes. Moreover, these excited SPPs modes can be controlled by tuning graphene Fermi energy.
Properties of h-BN HPPs
The analytical approaches of the HPPs properties of h-BN are similar to that of the SPPs properties of graphene. The thickness of h-BN that we choose here is 50 nm. By invoking the quasi-static approximation, the frequency/momentum dispersion is given by
where ε1 and ε2 are the relative permittivity of mediates above and below h-BN slab, respectively, and
, the sign of ψ in the type I band is positive and opposite in the type II band. The parameter n is the order of excitation modes in the two RS bands. Figure 3 plots the transmission and dispersion of the h-BN slab. One can clearly find that multiple branches of HPP only exist in the two RS bands of h-BN. These different branches correspond to quantized HPP guide modes with a scalar potential that oscillates across the h-BN slab, and these branches have a different number of nodes (0, 1, 2…). Our following research and relevant discussion are aimed at these branches. It is worth mentioning that zero-node does not exist in the type I band compared with the type II band. Furthermore, compared with the false color map in Figure 3a ,b, the excitation intensity of the HPP mode is different. This phenomenon expresses that the conversion efficiency of the incident light energy into HPP modes is different in the two RS bands. After discussing the optical properties and response of graphene and h-BN, we then analyze the optical response of different coupling structures by numerical simulation. 
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Calculation and Results
In this part, we study the optical response and properties of different structures of the graphene-h-BN SPP-HPP coupling system. Firstly, the theoretical models based on different excitation orders are shown in Figure 4 . Then, the transmission properties of the models are calculated by employing the standard transfer matrix method. . We assume that these 2D structures are infinite in the xy-plane. Here, the substrate we use is SiO2. 
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In this part, we study the optical response and properties of different structures of the graphene-h-BN SPP-HPP coupling system. Firstly, the theoretical models based on different excitation orders are shown in Figure 4 . Then, the transmission properties of the models are calculated by employing the standard transfer matrix method. Monolayer graphene is located on h-BN (a) and in the center of the h-BN and substrate (b). We assume that these 2D structures are infinite in the xy-plane. Here, the substrate we use is SiO 2 .
As shown in Figure 4 , the structures of different orders of modes excitation are proposed. Here, an h-BN slab thickness of d is utilized. Due to the thickness of the graphene layer being much smaller than that of other layers, we assume that the graphene layer is used only as a boundary condition. The calculation process in detail is as follows. For the case of P-polarization (TM wave), the out-plane magnetic field in the system is written by
where the variable j = 0, 1 and 2 stand for the region of the heterostructure system as shown in Figure 4 . k j z is the wave vector component along the z axis. ε j t and ε j z are the permittivity of mediate layers along the x and z axes, respectively. The Air/graphene/h-BN/SiO 2 heterostructure, as shown in Figure 4a , consists of the regions: z > 0 (air, j = 0), −d < z < 0 (h-BN, j = 1), and z < −d (SiO 2 , j = 2). According to the Maxwell equation and boundary conditions, the transfer matrix of the Air/graphene/h-BN interface can be expressed as:
where B 01 and B 12 are the transfer matrix of the air/h-BN interface and the h-BN/SiO 2 interface, respectively. P 1 represents the propagation matrix of the homogeneous dielectric layer-h-BN. The conductivity σ of the graphene layer is given by Equations (2)- (4). Z j is the impedance of material which can be written as
In summary, the reflectivity r is equal to M 21 /M 11 , where M 21 and M 11 are the components of the matrix M, which can be calculated as
The Air/h-BN/graphene/SiO 2 heterostructure, as shown in Figure 4b , consists of regions: z > 0 (air, j = 0), −d < z < 0 (h-BN, j= 1), and j < −d (SiO 2 , j = 2). In the same way, the transfer matrix of the Air/h-BN interface, homogeneous dielectric layer, h-BN and h-BN/SiO 2 interface can be expressed as
For this structure, the reflectivity r' can be calculated as
By Comparing Equations (14) and (15), the effects of excitation order on the reflection coefficient are shown in Figure 5 . Then, we discuss the tunability of the heterostructure system. 
By Comparing Equations (14) and (15), the effects of excitation order on the reflection coefficient are shown in Figure 5 . Then, we discuss the tunability of the heterostructure system. As shown in Figure 5 , one can clearly find that the different excitation orders can affect the mode properties in the system. When SPPs are excited first (this situation corresponds to the schematic shown in Figure 4a ), SPPs modes play a dominate role in the coupling modes, but HPPs modes occupy a leading position in the case that HPPs are excited first. An interesting phenomenon is that when HPPs are excited first, the coupling mode in the two RS bands disappears. Furthermore, the background color of Figure 5b is lighter than that of Figure 5a . This phenomenon can be explained by utilizing the free-space radiate decay rate that is shown in reference [29] . Subsequently, we discuss the effect of the Fermi energy of graphene on transmission properties.
By comparing Figure 5 with Figure 6 , one can clearly find that the frequency of excitation coupling modes is red shifted with the increase of Fermi energy. Finally, we discuss the effect of the thickness of h-BN on transmission properties.
In the same way, we can distinctly find that the frequency of excitation coupling modes is red shifted with the increase of the thickness of h-BN when comparing Figure 6 with Figure 7 .
To summarize, the specific derivation process of the transmission properties is demonstrated. Moreover, we also study the tunability of the heterostructure system on several aspects. Some relative discussion is studied as follows. As shown in Figure 5 , one can clearly find that the different excitation orders can affect the mode properties in the system. When SPPs are excited first (this situation corresponds to the schematic shown in Figure 4a ), SPPs modes play a dominate role in the coupling modes, but HPPs modes occupy a leading position in the case that HPPs are excited first. An interesting phenomenon is that when HPPs are excited first, the coupling mode in the two RS bands disappears. Furthermore, the background color of Figure 5b is lighter than that of Figure 5a . This phenomenon can be explained by utilizing the free-space radiate decay rate that is shown in reference [29] . Subsequently, we discuss the effect of the Fermi energy of graphene on transmission properties.
By comparing Figure 5 with Figure 6 , one can clearly find that the frequency of excitation coupling modes is red shifted with the increase of Fermi energy. Finally, we discuss the effect of the thickness of h-BN on transmission properties. In the same way, we can distinctly find that the frequency of excitation coupling modes is red shifted with the increase of the thickness of h-BN when comparing Figure 6 with Figure 7 . 
Discussion
Tunability of the System
In this section, we study some of the details. From the study above, the coupling mode can be tuned by changing the properties of graphene and h-BN. Neglecting the high orders of kx for simplicity, this change in the SPPs' wavelength induced by graphene is described by
where λgraphene is the corresponding SPPs' wavelength. This formula clearly shows that the influence of graphene depends on the ratio of SPPs' wavelength and the thickness of h-BN. Moreover, this clarifies why the effect of graphene remains substantial in h-BN as thick as d = 300 nm [30] . However, Equation (15) seems not to apply the schematic shown in Figure 4b . This can be explained by the intensity of SPPs in graphene excitation which is much lower than HPPs in h-BN when HPPs are excited first. Thus, the tunability of graphene in Figure 4b is weaker than that in Figure 4a . To summarize, the specific derivation process of the transmission properties is demonstrated. Moreover, we also study the tunability of the heterostructure system on several aspects. Some relative discussion is studied as follows.
Discussion
Tunability of the System
In this section, we study some of the details. From the study above, the coupling mode can be tuned by changing the properties of graphene and h-BN. Neglecting the high orders of kx for simplicity, this change in the SPPs' wavelength induced by graphene is described by ∆λ λ graphene πd
where λ graphene is the corresponding SPPs' wavelength. This formula clearly shows that the influence of graphene depends on the ratio of SPPs' wavelength and the thickness of h-BN. Moreover, this clarifies why the effect of graphene remains substantial in h-BN as thick as d = 300 nm [30] . However, Equation (15) seems not to apply the schematic shown in Figure 4b . This can be explained by the intensity of SPPs in graphene excitation which is much lower than HPPs in h-BN when HPPs are excited first. Thus, the tunability of graphene in Figure 4b is weaker than that in Figure 4a .
The System on Noble Metal
Noble metal is usually used to excite SPPs modes. In this part, we place the heterostructure on a noble metal layer to discuss the coupling modes in brief. The transmission properties are shown in Figure 8 .
In contrast to Figures 3 and 4 , we can directly find that noble metal has little effect on the coupling modes in Figure 8 . This phenomenon is due to the high frequency of the SPPs modes excited by silver; and it is difficult to couple the SPPs modes excited by silver with the HPPs modes excited in h-BN. Thus, it merely makes the excitation frequency of coupling modes in the type II band blue shift.
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Conclusions
In this work, we have shown that the Van der Waals heterostructures system assembled from monolayer graphene and h-BN slab can provide a method to control light-matter interaction at nanoscale. The features of the coupling modes have been studied based on the dispersion spectrum. The effects of excitation order, Fermi energy of graphene and the thickness of the h-BN slab on the coupling modes have been demonstrated. By tuning the applied voltage, one can easily change the Fermi energy of graphene to control the coupling modes. Furthermore, we also discuss some relative aspects of the coupling modes. Our work is meaningful for both scientific and practical purposes regarding the aspects of efficient subwavelength manipulation of infrared light.
